
*0*0 307 POLYTECIIIIC INST OF NEW YORK FARMINGDALE DEPT OF AER—ETC F/S 201*
— A TWO—LAYER MCCCL FOR COUPLED THREE OTMENSIONAL V!SCO4JS MC INV—ETCItJ)

am 75 S S Rt$IN. t C LIN AF—AFOSR—2635—7*
(HCLASSIFIED POLY—AEIAM—75—1O AFOSR—T R—77—0685 It. 



“II I 0 II~I~ ~28  011125II~I~~III . L

I ________

L h3.2
______ 

u~~~ 111112.2
•36

~~ DI~i2.O11111 I . I11111 IIlIP~=
11111’ .25 11111=14= u~u~
MICROCOPY RESOLUTION TEST CHART

NAHO NAL 8UREAU OF SrAND AR DS-196 3 A



—~~~~~~~~~~

• SECURITY C L A S S I F I C A T I O N  OF THIS  PAGE (When Data Ente red ~

REPORT DOCUMENTATION PAGE / ~ BEFO c FORM
I. REPORT NUMBER 2. GOVT ACCE ION NO . RL IPIEN~ .s C A T A L O G  NUMBER

- TR— ‘17 ~~~~ !~ 
~~ ~tL) 

____
~~~~~~~ ~~ IjI..g.-~w~ 5 _ b u l )  - — ---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

5. -~~~~~~ WP- £I~~r~~f tL 4.Ø~ .IiN~S COVERED
A V.~O-LAYER MODEL FOR COUPLED TI-IREE DIMENSIONAL INTERIM ,- ~ , r..
VISCOUS AND INVISCID FLOW CALCULATION S • ~~~~~~~~~~~ 

-

— — — - .—_————.—-—— 
________________________________- 

~~ _ag~~~- rwi.iS -~

~~~~~~~~~~ ~~~

—
— - --... - 

P~iLY-AE/A }1 ~~~~~~ 4 75- ’~1 
-

I U A I I T~~~~~~I~J_ — CON TIIAC1 OR o nANT~NUMBER(a)

~ 
i’S. GJRUBIN 1 . ( r

T.C./LIN 
~ 

AFdSR ~~ -2635- Yl ~
* 9 PERFORMING OR G A N I Z A T I O N  NAME A NO ADDRESS 10. PROGRAM ELEMENT. P R OJ E C T . TASK

POLY TECHNIC INSTITUTE OF NEW YORK AR F A A Wrt P~~ W~IT ~~~~~~~~~~~~

FARNINGDALE , NEW YORK 11735 L/~~~~~~~ ~~~~~O2F 
(/~)I1~.~J

I I .  CONTRO LLING OFFICE NAME AND ADDRESS 12. REP

AIR FORCE OFFICE OF SCIENTIFIC RESEARCH /NA 
~~~~~~~~ 1400 WILSON BOULEVARD -l-

~. NUMffER OF~~~~~~ES

ARLINGTON , VIRGINIA 22209 19
1 4. MONITORIN AGENCY NAME &...~.DDRE SS( i f  di f fe r ent  fr ont Control l ing O f f i c e )  IS. S E C U R I T Y  CLASS.  (of th is  repor t )

p 

j UNCLASSIFIED

~j .
. — .-. / 1. 

~~~ ~:- 15a . Q E C L A S S I F I C A T I O N , ’ DO W N G R A O I N G

IS. DISTRIB UTION S T A T E  NT TnTe s~epv??7~~~~~~~~~~~

Approved for public release; dis tribution unlimited . ~~~

17. DISTRIBUTION S T A T E M E N T  (of the abs t ract  entered In Block 20. If d i f fe ren t  front ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

IS. SUPPL E M E N T A R Y  NOTES

PROCEEDINGS
AIAA Fluid and Plasma Dynamics Conference 8th Hartford , Connec ticu t
16-18 June 1975

19. KEY WORDS (Conhinue on reverse s ide II necess ary and iden t i f y by block number)

:~ 
______ 

BOUNDARY LAYER /BOUNDARY REGION
~INVISCID FLOW
‘ LAMINAR

TURBULENT
f c~~~BLUN T BODY

£ 
~~~ . A e S T R A c T  (Continue on reverse aide i f necessary end iden t i f y  by b l o rk  number)
A numerical fini te difference method is developed to simulate the viscous flow

L.i over blun t/sharp bodies at incidence. Herein , a two-layer model is suggested .
= The inner re&ion consists of the three-dimensional boundary lay er and boundary
La. region . Laminar and turbulent flows are considered . ‘The governing system

~ I ~app Iies in boundary reg ions and for problems with cross flow reversal. The

~~~~~ 
equa tions are integrated by a pred ictor-corrector scheme . For the turbulent

____ 
boundary layer analys is , bo th a mix ing leng th model and a two-equation kinetic
energy-dissipation system is considered for Reynolds stress closure .~ The outer

DD jA P1 73 1473 EDITION OF I NOV 6$ IS OBSOLETE UNCLASSIFIED - 

~~~~~~
‘-

LI ~~~~~~
. .. .. - ~~~~~ 

_
~~~~

_ 
~~~~~~~~~~~~~~~~~~~~~~~~~ ,,.



r _

~

SECU.~IT Y  CLASSIF ICATION OF THIS PAGE(ITh.r, Des. Ent~t.d)

region is inviscid. The Euler equations are integrated with Mctlormack’s two
level explicit scheme . For the matching of the two regions , three dimensional
viscous disp lacement and entropy layer swallowing are considered ..~~Numerical
solutions are compared with experimental data and indicate that the present
formulation can give an accurate prediction of aerodynamic loads , skin friction
and heat transfer rates on sphere-cone-cylinder-flare shape bodies at angle of
attack. The calculations are suitable for (i) supersonic or hypersonic
freestreams , (ii) large Reynolds number and (iii) flows without streatnwise flow
separation; however , secondary flow reversal is allowed .
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A NO-LATER MODEL FOR TF~~EE DIMENSIONAL

VISCOUS AND INVISCID FLOW CALCULAPIONS*

I

T, C . Lin
Avco Systems Division

Wilmington , Massachusetts

and

F - I S. G. Rubin
Polytechnic Institute of New York

Farmingdale , New York

Abstract 0 = W/W

A numerical finite difference method
is developed to simulate the viscous flow h constant defined in eq. (1~~)or local enth~ 1pjover blunt/sharp bodies at incidence .
Herein, a two-layer model is suggested .
The inEer region consists of the three- h~ , h~ metric coefficients defined

in eq. (h a)dimensional boundary layer and boundary
region . Laminar and turbulent flows are H total enthalpyconsidered. The governing system applies
in boundary regions and for problems with K turbulence kinetlo energy

integrated by a predictor-corrector
cross flow reversal. The equations are

L characterIstic lengthscheme . For the turbulent boundary layer
analysis , both a mixing length model and M Mach numbera two-equation kinetic energy-dissipation

•~ system is considered for Reynolds stress
closure . The outer region is inviscid . p pressure
The Euler equations are integrated with
McCormack’s two level explicit scheme . Pr Prandtl number
For the matching of the two regions , 2 2 1three dimensional viscous displacement
and entropy layer swallowing are consid- 

= (u + w ) /2

ered. Numerical solutions are compared
with experimental data snd Indicate tha t 

surface heat transfer

the present formulation can give an ac- 
~~~~~~~~~ 

t~ /[Tr/To - Tw/To]
curate predic tion of aerodynamic loads ,
skin friction and heat transfer rates on Re

e 
= 4 Ue &/_~‘~

sphere-cone-cylinder-fla re shape bodies
at angle of attack. The calculations are J surface length
suitable for (I) supersonic or hypersonic
freestreams , ~ii) large Reynolds number t =f ~/~~Ide 11e hø ’It 14and (iIi) flows without streamwise flow
separat ion; howeve r, secondary flow re- P static temperature
versal is allowed,

u, v , w velocity components

Nomenclature x , y, z coordInate frame

a, b , k constants defined in angle of attack
eq. (24)

a1, b2, b1 constants defined in variable defined in eq. (6’i
eq. (14)

= 26
_______ a’

three dimensional viscous
displacement thicknessd =

-t IE, F, 0, I Matrices defined in eq. (1) 6 bc w- dary layer thickness

F =U/’lJe 6 ~Jd (/ $ ~i) s y
_ _ _ _ _ _ _ _ _ _ _ _ _ _  

0

*This research is Jointly sponsored by the Air Force office of Scientific Research
(under Grant No. AFOSR 74-2635) and the Avco Independent Research and Development
program .
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6 f ’  (/_~~7’~ ~s-~~ a’ recently turoel ..-r , t  f iow . (
~~o I these effort. - o re ~ t :  ii ij r ~- - i ’ .,- cc r . f In o~e local body slope to e i ther  too c lm s - n c i o n e i  or  axic-.

- metr ic  geometr ie s  arol e ’ion th en  or- c q u I t .
4_ ,Ii ~~ ~ t ine o or .~ 1mIng . ~ second approaco. uc ese e 0 a s i mh l I f l :  I N o v i er -~ toke:  ~‘,:ter r . I t --[ ~~

. salient  f o t O r e  .: a s ~n e l s - i a; .’r mu d -
- ~. At variable def ined in eq. ( 2 ’~ ) ei(1O-13) t~ :t a b c  Ioclo: the n~ ce. .-

:icy  fo r n o t c h i n g  ‘: th-: i nr . r- on-c c u t - n
turbulent  Eddy v iscos i ty r~ g io ns . A l t h e i g ~. t t i s  ar p r c a - : h  h.~ :: t n

:uc:essf ~~l In a num u er  01 or ob beno ,
,4~ molec ular v l oc c o i t y  comput t l on  t mec :~ ri n ’:-:r . ru -~ ce s3 vc .

One : 0 0 - ! ct  c i ff i : ul t y  In t i e  c ingle
~ , ~Ø coordinate frame i a y .r  on del is tF - spec t f i - :-ct cn of o n - -

coord ina te  i t em t accoun t  fo r  t L - -  too-
shear stress at the wall ‘ii f f e r -  nt  l~ nr ;t t scales in th - I coo s

and inv~~ : I i  r eg ions .  For example the
• A dens i ty  laminar b un - l a ry  l o yr - r  t h l ck n - -s: nay ir.-

:r~ ase  a: (~~ N — s t re a m - i  o
- I- E tu rbulence  d ls sipa t l  n f unc t i on  wh i l : - th o ’i t i -r  h ow oh :,ck r c .  :-; : li n e a r ly .

It is .i~ f ± ~ : il t  fo r a 3 i n~~1-: ~~
-

\ co ns tan t  defined in eq .  ( 17) t o n i . f - r m o t Ic  n tc t o h e  at :  con:  i d e r a —
t ic n the 1 f f e p : - nt grost a r o tes  a::: -o - 

—

~~ b scr ipt s  ated w th  those two oi :t in ’: t r- g ion o .
There fo r e , t h e  t c ;u - latv!  r i:o del r r c p c . o - c

5 refe-rs to shock here opp ::or : to 0 - -  0 c-r3ot I s o l  n o c o o —
nomic a l  a l t e r na t I v e  for  nook n t o r :t icc:

b , w refers  to surface condi t ion  t h r u ~~~ITh . a :- ~o r o I  f i :. w :-a i : : 1  ~t .  n o .

e refers to boundary layer edge
condi t ions

T h -  1n- on:ila t i cn , o :vernir . : - :a ::ot cr-Ø,~ indicates ~~ and numer cal  ro: t },cd : for  the ~nner
respect ively ( v i . : c :u s )  and c l t er  ( inv sc~ d )  r eg :cn :

wi l l  be b r I e f l y  .1I:ouoned In cect c-n : I i
cc refers to free s t ream condit i n: and II I ,  Tv~~ cal n I r r e r i ca l  oc i . ot l cn :  or

compared w ~t }.- x I :t ng e x p e r r -  n t o l  h t o
The in n er  and outer  so lu t ion:  are then

I .  In t roduct ion  c opied c.y nc l ,I in C th e  o e rt ir , - - nt
S f eot :  of a 1 8 : 0 0 5  -c ~~~:-cm- :n t  :n -

During the last decade , numerical tropy layer soali: .-ii r.cr e ff- : - t s . T~ I:
comp

~
t
~~

ions for both bound~ ry )
~ay- pr o cedur i :  I s de::r 1~~::i r. oec t ion  IV

ers ’.~~~-~
) and invi scici  f l owsV ~~7)  ha ve wher e- i rene re levant  c — x o m p l e :  ar -c I- pi t -

been advanced considerably in capabilit~ç ed .
speed and accuracy. However , the com-
putational procedures for these two flow
regions have been primarily developed II C-~ t In-: ~scl J °‘low
independently so that the effects of
viscous-Inviscid interactIon : have been The ton- -’ - i l r . :n :ional  In~~I : c Id  f’ lcw

• largely neglected . in t h -  shock l ay er  of a b l .~r.t n c n -~ Ir-
cul a r bru’: at  anr:Ic  C f  a t t ack  icr con. - :  i —

In many cases an inviscid calcula- ered . A t i n -  I - -p en d e n t  f i n i t e - d i f fer -
tion may become inaccurate unless proper floe t ec h n i q ue  is ~p r i ied f c r  t h e  :ut.-
cons iderat ion is given to the su r face  Sofl iC nc:- c r f r ~I-: n ond ,:tr-~amwI:e rror:h-vlcrcous interaction . On the other hand , inc prr r lure for  t b c -  i ru p c r son i o  o f t  r-
accurate boundary layer edge properties bc-dy . A two-level explic It scheme I -
are sometime s d i f f i c u l t  to obtain unless  used fc -r  the c a l c u l a t I o n  of’ the  ~nt  r n o l
a meaningful inviscid computational pc- lnt :  and a mod i f i ed  m e t h r i  of cha ra c -
program is avai lable . Therefore , numer -  t e ri s t i cs  procedure is appl ied - t  p - - c r -
ical calculat ions  of the inner ( v i s -  ary and shock p c I n t ~~.cous ) and outer  ( Inv i scid)  regions
should be properly interrelated by s u i t -  11.1 fup e r oon i c  Rt - g~ r n
able matching conditions . While this
has been done for two dimensional  f lows , Thr  I n a I s c i d  f r m i l - : t~ çp  ‘~~~c.- t t . r-
three dimensional matched solutions for ned after that of I -h-ret t ~~; ~~~‘ , ‘- )  I-c--:-:-
general geometries have not been pre - over , t he gover n~ nc e q u o t i e - n:- ar~ wr t-
viously obtained , ten in i r verf- .:n--e f rm - Tb-- Euler equa-

t iono in cyl I nr~r I  a l  c o o r d l n r t - - a n - :
Direct integration of the complete

Navier-Stokes equations a-i lds the 
~ . - z =  o ( 1)

matching process. Thi:- has been car- ~~ ~‘ ~
n e d  out success fu l ly  by0k number of
researchers for lam 1nar~ °) and more

-

~ 
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I, ~/wh en 1

~Ph~’
2 i” P/Me a ’ ?~=~ d ALI -~~~~~?,

-

-
~~~~~ A~~~-’ A m U 77~~ V7r + * 7 A ( ~~~~~

j z )  
- ,

6- Mc ’~:r’c. -. k ’ : s c - n -  ‘S a s - c  U~~-:’J to lot  -

PV/v’r~~ ~ret-: q , ( - )  fo r ( c  )~ 
r-:r:

I •. _ :  - ..-va ..oa -~- - :  o’~ a :: .f- - - - .- —r ’  - (.Pw 2t P/~.~ ’) r - I  feren:e 11 :-rrcla . t s bc a l I  b- - a .  t - - d t : r - t
/ o t e r ot . r n  cr .ar .er- o.:::r.r-: f c r  t o  fr r’n --

u l ot - 1 cC H :r. : :r ;  pc iat.

F =  E 7/  # G ~ lA * r~ -( i.’ ~~~~ flir t :-: P - r i  : cur f sce , i t I :  : -rj- H r-o i
1~/Al~0y÷ ...~~v 2 th o t 

-

f ~vw
p y r —l Tb - - wa l l  or -  - cure  I - o b t a  lo - o l fe - n thc

—I cr m p o t l b l i i t ’j  r b o t H a  a l  ag tb-c 1- f t
— F~~’VI r u n r I n . -I c h-o r a ct -  r :t l c , -:- -

A t “7~ 
A~ / J V ~, — ( v~~ ’ ) Li~~

A, = [(r~ ). —(rb) ~ — r~ ~ r~i- LL Wa (r~~ ÷

A~: [(r~)~ -(r~)~ i/i r~ - r~] 
- ~~~~ (r~~ (r~~~~ ~ ~~ P[ V- * c~-~]

• 
= - rb)  ~ ~ * V + W7 ~

]
+ F w M.o~~ ( V ~-~ ’)  — W / ~1.~ ~‘P ( V— A ~~Here U V , ‘iv, ,P - and.? -r,8r ~~~ r

are nondimensionalized w ith reopect to L - ’ ~~~l ’ ~ifree s t ream flew properties. The temp- ‘~~~erature d i s t r i bu t i on  is e v a lu a to l  from
the following isoenergti-’ conditon , where  A ~j-= I.~r_A (r~)7 —

~~~~

T= P/p~~ ! +  ~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~ -l

An explicit numerical method i~ Since the h~ H - :ntrc  icy I s  -rn . t :
employed. The two level integ~~~~ion 

sity can be ::orrreutei f:-- :: the- :: c-to r~ -:
scheme suggested by McCormack~

101 has relation . FInally ti- - - veloci ty -cii --
• been adopted for the interior points , eat: at wall are colculated fir::: eqs .

The march ing A .~~ 1: -: limited b:, the (2) and ( 5 ) .
F Courant-Frederick-Levy conditon .

11.2 Ir,vIs rI ~1 ~ii i t  P--d y Calcul - t .
The outer bow shock , r , = r (~ , 4~ )

i: treated as discontinuity ’
~ Fl8w hirer- I-ic r - :t t l ’ :’ / t l n - - - -i - - p - c d - n t  b l e r t

-:rt l .:: behind t h ’  ohock are evaluated body prc:gr co has been u. I t - -  ~il
from t b-c  Rankine — Iiugo ni- t relation once t h -  f I r s  fl -- id in th :;l~P.c --n .i: i - - on- —
t I e  normal velocity a mpenent p1 n . Th i :  c I r  is on r - -  o ’er - ct  1° : - -

U • ~~~~ I: - -L t a i ned . A n a - ici i t l n:l tb — I n - c - - - n - t i  d C f  P - f .  ( 
~~. c - n : ’ :- -

t Le~ w h i c h  .-1 - - t ~ - r m I n c :  t he va lu e c r  io n - . - - f l  the fr  - - t r e o r r  ~t-  ci  r i . - i- -

equivalently tic - shock ri -n tatlo- n s li (M~~5:), and t o -  P o d ’ . - 1: c — t I  0 -  r
supplIed by the following characteristic the spher- - - -cc-ne~~;-am- t r y  P- . - - : t i - :  ti I~
compat ibility relation: n ra-rI - r i  r -r~~i:i’~ m ha : - - -n . c a d ’ ? ’ - I tc-

I n r - l P r - - a l  c o ~ ~fl: nrncr .~ fr rr f r  c.
= ~~~~~~~~~~~~~~~~ : t : - o n  : f f’r . -t : . Tb - ~~c t tc- -n .’ :r l-

The c np l t express 1 cr  fo r ~~r5/ ~~2
A ( 3 1  ut~ r o~ r r l  t st r t ! r - t icn~ i i

is ‘1 - r i - c -- i in Refe rence  (15) .  Eq.  ( - )  is t~~ r~ 
~~~~ r - r - n c  - - . .~-o ~u l d -

valid a l on g  the right r u n n in g  charact--r-
in t ic  ::ur fa  -e ‘ 1 - - f l  r i -I by II  .~~~ R esu lt : f: r Tn--i:: I I  F lew

A In or-c r - to -.:h~ ‘k t o -  : : np i t -  r cod —

A - - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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and hi demonst ra t - - i ts c a p a bi l i t -  several  111.1 For:-. ..iOtl r.
sample ca lcu la t ions  are pn eo~-n t-  I P. r - - . /
Tb- - surface pr o-osure  J I :t r ibu t ion  over It ha b n ,~~:..ro~ -.u e -~- : - r  - n to ] l~
an e l l ip t ic  cone ( b/A 1 .7) )  a t  15° and cli lvtI,.:, :1H-~ ‘ ) t r o t  n-  - ir ’~- e  -

angle of a t t a ck  is depic t - - I in Fij. 2 .  fle w r :vc-c- - al  u : not  ~ -or  a t  t~ h I  of
Comparison is made with Zakkay c m i  a obarro con- .- , or I n a a lu r t -i nc:e r- gl n
ii:ich’s i~ t~~’(’7) the agreerri - i t  - 

~~ 
when t~r body 1: -t ccdi-:at - on. 1 of ii -

o uraging . I~ should be n o t - -I taut for cidence . Tich - In c-c rtant rc,:er-;otion I:
~~-/ ~-� 1.5 ( 

~~~
- = angle of otto -k , 3 = im p l i c i t  In t i prc :: e rit t i .  - c - - h I  a l fec-n ,-

cone h c lf  a ng le )  the inviscid — I - :  - -to- ulct .ion. H’:r-Hr,, hI - i I l r tt n ’- r  ~n i  1111:
tional  for a sharp cone L-:~ omes un .:tobl-c procedure (cl~ -:111 te ad-  . a -  c f cr  fir .-: Ic.
and the inner viccous r~g1- n car.iret t-c ti- blunt n . e H - - r 1,, :- . - ~~ tic er- -ic oto ---
neglected, The aim of cur pre: -rt n- . r°: o-orr- -ct : a f--r -n:al  t 1 - - - ) c u -r I f c -r
ic t~ correct the deficiency of t b -  in- the a f t -  r b o or  :o~ : 1 .1: :1cc. , Ti . I . - - m o b
v icc o II solution by matching -.- Ith t}-e I: ac-cept abi as a b~ ur1dar:J ~~~~ do- -:

— I boundary layer. n t  appear n-car  t i i - ~ nose , but or :s fb i-.
reversal  Is po~cs l o b -  In t i . - d. -c.n : trearr,

Fig.  3 shows t i -  In - .’~ nc c1d r- sui ts  flow . Tic - oc tw o app on  ochcs s- -c-c - cniglr i:i-
over a sphere cone (e  -

~ - at an lo c f  ly do .  i p n ~~c f i r  l -r c ’ n c r  f l -c , but c-u Os-
Incidence ( o(. = e ° and ic ) .  Ti , - —cx -  h- nO- -I t (  t u : o o  c t  f lor :  c n : i t — n :  in in . ’
pa ns ion - :- eccmpreso icr .  pr cc~ :ni e s near the pr o - n t  r a p - - n .
.j unct lcn  of sphere and cone are c i rcula ted
qui te  well by the finite difference sol- 111 , 1. -I ~~~ - i~ . - l~egIcn
u t i o n s .

~ H ~.t . t  - c: ru r~~~~~ 0 v:t
The l~st case considered Ic hi . - - son— Euggec ted by P-h tt:.- -r an i Ellis ~~~~~1 i n

face pressure distribution on a cone- ‘-npioy- - i here 1F H-, - ) .  r -~ C.  -

cylinder-flare which is shown in Fig . ~~~. is defIa-~- P fr cc t:~. 
- ‘ nter :-cctHr. f t o o

Also presented are Zakkay 1~J Callahan ’s b .Iy s ar f a - c -  :Ht: the p1- r.’
experiment measurements .L1-’ - ) t o - -  x-a :- :.ls and at arc anc-1- - ~ ?rrr- h

- -  l.’-axl: . These llr.c: i-f r-a t:.e ‘ccrchn:t
In summary, it has ac-rn i - cm o n :t r o t - - I = - - or-i -t r ac t  - (here on c- :culd chcose

that the numerical cod- c for the b r : I : - c I i  the y- -xis t H t P .~ 
- . -

- ton,’ p l i e ) .  Tb-
flow 1: reasonably oc: rot- and v-cr :atile , thor coor ili .t- - are - t~ - ‘o r a l  4 = o c r-

In the following c—c ilia , the fr oronl a— starc h lIon - . (- u- - P1:1 ,
tion for the inner region I.: i ’ scuss- -J ,

T I e  : - c r ? a o -  of h i . H c c  13 I - r f I n .  cc
an -:-:rr :~ P- n of hP f -  nrc

III. Inner I~~.- - r V --rous Regi ri) 
~~ x ( x i, 

~) , x2 x 2 (x , 4)
Many o f the  : x I:t  I rc ~ t I . o c n r - t i - c a l  oh - - c ’ - :  ~ a n i  x reor cen t  ~ - m i  r

studies of three dlrner,:icnal hi and - j r re .:oncti-.~~ly, TI~~ r - I t l r n  - - - c t r ‘an
layer eit1~er assume a similarIty approxi- h’: WrItten a:
mation(l9) (such that the governing - q- — —uat ions  become pseudo two d i m e n s i o n a l ) ,  r = x L + rcos~~ + r : in~~ :
or res~~~ t~ ~ small cross flow c m p ) - r  x i -
mation~~ ‘~~‘) or independence prln .clpi-- . V otc.r: that are t a n g e n t  to  ~ C c n - .: t -,nt
The nature of the three d imens ional  bound-
ary layer equatip~~ has been inve~~~ ga~~~ 

a n i  = ~‘r n : h n t  . r r g~~r/~ ) o n it = ( ~ ’/~4)~
by Der and Raetz~. ~Recently i) avi~ “- - - - -t v -’-lv ° r t I- C’ - r i m  t~ -: t ~

- P
and his associates have mad- : a series of ~~~~~~~ 

- —
orti. -c rc-H t i : - c  r -c lat la- n ‘t = 0 r i -  t o~studies on numerical methods for nonsimi- ‘ -

lar boundary layers on sharp as well as ~atis ~~I • T . ~~.c iea h t
blunt bodies Generally the Dwyer-Krause
method(25, 2~ ) is suitable for boundary / \ / J ~~~ (~4!\
layer computations , but without the exist- (~~!L

’
~ — ,~ = — ‘ ~~X a 14 \~~ ~ (~~~2.

ence of boundary regions . Ti c- : ç~~ m4~~~- ~~~~ Jj + ~ x t ~tion suggested b y Lin and Rubini ( -5  
“ “

can handle problems with boundary r e i l  a.: ,
one advantage of this method is the Along ~ = c - t o n t , t i  1: relatl r~ I: - nr ability to resolve flows with crossflow ten in ftn lte -Il f ?- --r- rn :- form ann
reversal. Significantly this procedure
also removes the difficulty Ooflc .-rnlng
existence and uniq~~8e~ s of the s o l ut I  n : (% z)K + I  (~ ‘~~ ) K 4 A I ( ÷ k A 41 (3)
near the leeplane . -

~ 
F r 

~ 
Ints al no hr . ~ - - - c :  h r  -: lI r-- ,

Recently, Blottner and Ell is ’ c it - i n :
have generalized the Dwyer-Krause scheme
for laminar incompressible flow , further- ~~~ =A5/ / i +(~~/ ~ )

2

more , they suggest a system i f ’  usefu l V ( 9 ’)
Cr- rilnates for blunt body calculat b a -

olin: 4 0

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~ ---~~~~~~~~~ -~~~-—~~~~~— -— . -
~~~-
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The m et r i c  coefficients are found from ~~~~~~~~~~~~~~~~~~~~~~~~ 7mj
th .m definition: A

h4 =(dX Z 
+ dr~)/d1 

(10) ~~~~~~~~~~ 3 ~~~~ ~~~~~~~~~

, h~ =h ~/ 2 ,

Eqs . (10) are expressed in f i n i t e  d i f f e r —  TI~ ’ c ’ cc -t r ic  co-.c ffI ’c I - :n t s  h~ aroc 1--,3 :.hlch
ence form in the numerical computations , w--on : given in - r j .  (13) a: c i ’c f ln - i -a :

If the inviscid flow on the body d_42=I~ a’4~ * ,41, 4~ /- ( l l a
surface is given in terms of the (x , y, -,

z )  coor dinates  (Fig . 5) ,  so tha t  Along t I c e  m r y m r c - - t c b n  l i r e th~~se - : - a u o t H r . .
— — — can be s impll f ? -:: I tc
U1- U1 L + V~ + W~

c o n t i nu ity
ti -rn tire velocity components parallel to ,. 

___ ~tI~’:.- ~ and ~ planes can be found from + A t~~~~ Z L  
~ 

2t~ 0
— momerctur -

= . t )/ i t i  momentum 
-

The three dimensional boundary lay- ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~

en equations in terms of the curvilinear 5 (li~coordinat a (
~,7, 4, ) can be written as: 4- ~1fl hIe~ _ (~~~~®)~L ~~~~~~~~~ (,4

/ ~ 

LLe~~~~4 ,~~~ w~,i ~~— 

~F_ ®) ~~ -
~~
-

continuity energy

(va)7 ÷~ r1~ F~2T+~~ v4 ..~LV ~7J  =0

- 
4 4 momentum

4-(WF_We®)f4 ~~ +‘~~~~~
j _ 4(w~~ e~$} where ~= w/ i ’/~

~~~~~~~~ Near the st ag i c a t l c r  pc :lr .t (~ = O i , T ay l o r
~ momentum i c - o r b .:, expansions have been -c oed 1- c
T U and h~ 

e

VL ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ W e = 
2

• a1n h41 __ L L(F
Z
_®) +(W — W

Z
®), in Ue

h~ ~4 
‘ h~ Ue b1~ m- - - ( 13)

- 

(11) 
h = h

It should be noted that a d l: t ln -- tbc -n
must be made h --t a -or -n tb: cases when
a, ~ 0 and a, = 0. Eq. (ii) can b-c fur-
then simplifi~d tc Oh-:- frilowing form at

energy the ::tan~c . a t 1 c n  poin t ,

k’~®~ ~~~~~~~~~~~~~~~~~~~~~~~ continuity

~~ ÷F÷~~-f6 ~~~~~~ ~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ 2/~~ a h !  6’ bi’  b’

- I - 

momentum

~ I 
{1~~ ~~~~~~~~~~~~~~~~~~~~~~ when

where V~ 67 +F6 -~~+ — - ~ (6 -®)~ -- ~~~~~
‘

F t4/ ti~ , W~ ‘~47e ,® T/j ~,
±
~~~~~~~~~~~~~~~~~~7)

5
I
I ~~~~ ~~~~-_ ‘~~~~~~~~~ 

_‘ ‘- . _  - —..-- -,~ - . —-- - -- - - ---~~~~~~~~~~~~~~ ,. ~~~~~~~~~~~~ 
,~ _ j ,.... .,... _, k’~~~~~~~ 

. -- ~~~~~~~~~~~~~~~~~~~~~~ -—
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w i - c r a1 = o, + P(~~_ i ) X t L1x _ l .#
~~~~

hi + s/ ~ô- ~4’~

‘1 V2 c~-i- -~- (F~~-®)1-fr2- ® =  
~

( ‘~‘~~~) 4- -~~- .4- -~ r~J L1(,zii ÷j , ~~~J
momentum

+ft ,(FG_®) [~~ 
( 1)4)

~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~r
-: 

-
- energy: Tk , e  c- - : - n : c .c t .c -  3 ” 0- - n c I c  d e : I :t : I  in F i g .

(1) c r c  t: - g c v e r ’ r . I r a -  s ot -crc , - - c t  re:—

~ f ~~~~
-

~~~~~~
= * ~~

( ‘~
®
~) ~~ ir~ ar~~u 

~rn~11 a rc- :  ~~~ 
‘o~~~ r~ ~a -

T h o r - -  1: no restrictIon on the magnItude c-n fl  ‘-- c ” - - :
- - 

of w in eq. (11-14), therefc re , hi:.:: gover- 
~~ ~~

‘— ~~-v— o r - r .  7,  0
ning :H :n t - cm is not lImited to small cross— ‘ — /

- 
- flow . Finally the hc :o n drm ry  conditions 

- 
~ ~~~~for -- q -c . (11-1)4) are ‘7- 
~~ 

- e ‘ —‘

‘7=0  ~~~~~ i & = III. ? Tic~- To rbu ie f l ce~~4cdei

= ®= cr = 0 In q .  (1l-l~~) It Inn pc to~~~ t - -

— t~~rch tu e  5’ vnn  lois t:-c-:ses are r - c l r t - r -i t
t im - c.- :ur c nat-c i f stru r. V i O  a t n r  c- - l en t7 - ‘je , F~~® = & I edI;/ - c l n rc o s it u ;  1.0 .

W= We / Lie ~~~~~~~~~~ ,~~~ = mc i -::rclnr v ’. cositl :

III.l.B Afterbody Supersonic Regicn —7-, — ,, ( i c )
At 1 = - / ~~ =-i

~~
’ ~~~~~Downstream of the blunt noir e , the

fo rmula t ion  described in R e f .  30 Is ad-  A oin r : nc le ed-i l: isoo :Ity m o d o l  1:
opted here . The conventional boundary ba s ed  on Frand t l ’ o c i x i r o i c  ler cp th  ~c~ipo-
layer equations are m o d i f i e d  to include t i c - r o b :  - Fcr  a t a r - - : - i l n c - : - n s l c - n a l b c u n - -dory
all pertinent effects of crc :- .° f low d i f-  layer, it  h o as. umed t ha t  _44 ,. Is a s ca l e r
fusion and centrifugal force, With the functic-n Ind--pendent of the ~ccriIr:-t-usual boundary-layer approximations d rcct~ on. A - : :or ’ i r : p b y .  t I e  dd 1c v b : c c s —

I t - j ( c : ~) can be -,.; r i tt .::n a : ’.
Re>> 1 and the r e t en -  _z~

._ ii - i-i
tion of cro0s-dlffusion terms , required to -‘ ~ V t,~7 t2 -‘

adequately describe boundary regions or where 
~ (“~~-#- W~~

.k
local shear flows formed near separation -‘

plane , the Navier-Stokes equations can be (17)
reduced to , J= , 5  ta..ni4 (- ~~~~ ~f—_) ,~~=o. o?
continuity D = Van Driest’ s :I-a r np i n g  f u n c t~~ --n / —

x(pu)~- ~-~PLL)~ 
.i-(p v)~+ -~~s1~~(pw)~+p’I1c exP t~ y t/A +J ,_/ 

#
=

x: momentum+pv(R~ .X,~
-.
~ r — o ~~~~~~~~~~~~~~~~~~~~~— For t h i c k  t u r b u l e n t  bounda ry  layers

~~ôut i  — ‘ ~~ ~p vti * ,~ wsi ~~ x u~ with tr)nuversc : rr c:t cr ’-  e f f e c ts ,
F * ~~‘ 7 r Cebeci (~~~’) has ::ugg’cst~-d the f ilcr- : ’ng

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ 
m o d i f i c a t io n  in the wail region

‘

~~~

-

~~~~ ~~~~ ,ii~ ~,P~~-{ on~ i ~ J~~~~[,-e rP(_ J,~ -)J }2 ~
}: 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (i t)  
where 

_____- r~” = ~~~~~~~~ ~%.:‘

~~
‘ momentum 

~~~~~~~~~~~~ ~ 
w

_ ~~~~~ ‘//k4 #PV Wy1’  r2 R --’ ently four Ircd :- - p - n i- -rc t - ‘:-: p~ r - 1 -
1/11 W 

r n - n t :  In 11ff - r en t  l ab : - n t -  d e s  have found
~~~~~~~~~~ r~~— ,M ~‘rJ ’~~ ~ ‘Y’ ~7 t i : -mt  tb. r a t io  

~~l 
= 

~
‘t /~~t 1 

I S i t

-~~~~~~ 4~Jf -~~~~~~~~ 
W~+ ~~ ~~~~~ +(,~

dw
~)~ 

-

~~~~~~~~~~

- - - I

energy t ’- r :  r’ I r c ’t -  - d  f an inv -arbor.t scalar
q- , - n r : t  I ~ F - n  :.s. 4—p le  Bls : ’cnn’ tt  and

— f ,Pu7~ +~O V7~ +~~~~~~~~tI~~~~ X ‘T~ i-h- l i -  r ‘) or-- able to i - i  r .  t n t -  t i  t
t 1- -I:,- vbsc or 1t , Is a :‘olar r n l y  In

-~ —~~- - -
~~~~~~~~~~~

-
~~ ~~~-—- - - ~~~~~ — ----~~~~~~~~~~~

i 
.. .-



‘ .‘ 
‘~~~~~ - 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

the small region near the wall , while d~ and /
decreases to an average value of 0.7 in ~ K,~= Cp,lç1P~
tine outer port ion of the boundary layer.
Three nets of indepe~~~n~ ~uropean mx p e r -  -

~~ — ~~ ~~~
— _ 

~~ ~~~~~
-

imental measurements’-.~~~~
7) have also sug- — ‘ -

gested the value of ~- , can be as low as
0 .4 through the outer  ~egic.n of t i e -  bc-ac nnI - Finally, Dh coa r n  ~~~ b l u r s ’ -- ’  c - a
ary l aye r.  I r . tn :c - c , i t t e n c y  f a : n t c  r ( c - ) I:: aced t. nr .o i-

el t i ’: f l c ’,-: in tb -c t r a n c i t i -  r ol  r : -gicr . .
‘ Herein , the turbulence m ed -- i i- i i l i  be Tic b i-plnri r. : of t r r n s i t l c n  - a n  ~ : e I t i - .-ar-

modified to incorporate the n c n l , c t n -  ;c1~ :::r~~, c I f I e : i  in t i - - ( ~ 
, 

~
) n-- i - n - - or ~~~~~f o r m ;  the magnitude ofA~t 

is d e p e n d - - n t  n on t~ a ‘R ’ :~~) 
~ 

( T-7 , ) c r l t e r h — r r .
the coord ina te  d i r ec t ion  so t h - t  -

F o r  the  r r c r e n ct  i n c - - t 1 g rt cn , a-c ar e  n-

~, (lo) 
~ 

s im p l c  e~~~c~~~~~~~f ~~ 
t

c r - 1 1 t l c - n - - f t h r - -c- - d im e n s i o n a l  b o un i a r - ,’
= A , ~ tanA (0. 4~/ ..L) layer- fb i-n a , I n c l u d I n g  cases wit l . or ors

S flc-n -:  r ov er r a l

~~~~~~ ~
, ta~ A (

~~ ~~~~~~ ~~~~~~~~~~In th is  fo rmula t ion  it has been oh - an 11= .± ann - c al_l-Ie t rc cc d .:
that rican the wall1 =1 0.~-l y,
so t h a t  

~~ 
= 1 is p~ eserv~ d; t i c- c two yu n er i ca l  c o mp u t a l i c n :  n n - l i n t  nc:~eddy visor— ::~ ties will differ in the  cu t - c r r eg I o n  are b n i t i a t - -I at tho tc,gn tbo n

wake region , colnt . b .:bo tir . - r u- t r o d  h u : c I  to— 
i n t - ::;r ot - — -- a .  ( 1~~~. T F :n r  llrc-c: :-c ’ z

In higher  oi~~er theory ,  the edd y schcm m e ( 26 ) ~s - - ccc lo’ : .:i to c c lu- e  ~c , ( U
viscr:sity is assumed to be proportional to in a downst n -r -:m m a r c h in m - fo:hhr,. Ti -
t i :  trc-r:-cport properties. For example , in nonlinear t - rrr : rc  hr  t h e  f l r : I t - :  d’ff .r :nonc
J rica and Launder ’ s model , ,,

~ç 
is deter- equations are linearized b:,’ th e  N - c - b r -

mined by the local values of the density, Raphson procedur-:-:
turbulent kinetIc energy k, and the dis-
sipation function ,C . The governing 

~~~ 
(UV)L =L/ V *h~ V ,,—/i,,, V~,

differential equatl,ons for K and I are~ -’ I 
- ‘i l)

~~ ~
_
~.j
L~~t÷AL) r ~~~~ (~ * 

~‘i) 
—f’ ~ 

(11
~~ 

= 2 (LI~ ~~~~ 
—

wher e L denote.:: t he  I t e r a t I o n  n u m i :r .

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~; 
~ (19) The ,iteration oc-ntinues until a

sp e c i f h en n  conve rgence  c r i t- :r i a  I:: at -
Z/,~

, t a m ed , The s o l u t i o n  i c  c b t ’ in - :-d c i l t i ,• ~ ) C~/E, an efficient “block t aidi -p cna l a lgor-
item desc r ibed  I n  Refer-: r~,cc (2.0)

~~~~~~~~~~~~ c,=i.ic, c~~2 (f— o.3e 
~) A prediotor-corre ctor scheme (27~ ~

5) 
--

a is used to c on t i n u e  the  th ree  dinn c n s l c n - 1
boundary  l a yer  c a l c u l a th o n  b r - t o- tb :  s ap  r-

2 1 sonic a f t en i - c ly  r e g I on . Some m o d i f i - c a-
C3 = 0.0? e~P[—Z ~/(/+ R2/ ’~) J , .T4 /,, .7~~ 1.3 t ions  are mad:: in the o r i g in a l  p/c f c r r .-

u l a ti  r n  in c-rder t r  im o r c c o  I t s  e f f i c -
This mc del contains five empirical iency and numerical stabilit :,- r~e .:t rb~~

_
constants which are determined from ex- tionc . For turbulent f lew : , it ~ qr ~~P - n
penimental data. The advantage of the k-E. found tha t a m i l i f b . - j  i I f f ’ :-r - : n:e  ] p  

~~~model is that the flow h i s to ry  is taken p r - c ce n t a t i c n  bc-n t b .  la t - r : l d e r i v a t i v e
into account . With some adjustment on , is :u p c r l o r  tc hP:- stan-i rd
the empirical constants , flow relaminanlz- central d l f f r - n r - n c - -’ , i . :.
ation or even transition can be considered .

The follow ing boundary conditions j~~LL \ ~~~~~ a — U  ILL +U —ZLI
are imposed on the equations for k and C : ~~ M ,~’i 

4 _fTh_~ M~~.K”I MJ.(

2A~y = 0 , K 1  0 w>o (- 1

14 -
~~~

-
~~~ ~~~~~

Qe9_~~_4 4_ 

~~~~~~~~~~~~~~~~~ ,w-< o

The turbulent thermal conductiy~~ y Is where M and K i - -notes  the indices in t i -

assumed to take the following form :t50d~) ~ and 4 direction respectiv ely.

K T = — a v ’~ ’ This procedure will result n a ma-t 
~ / trix system which is airr yc ib p:n-:lly

dominant . Furtherm c-r-- , it  —

7

- - . —- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - 



w i g g i - a :n c c i : I ch  sometimes appear near the (n-c can e s t b n n u t : : U by i l
cross flow s e p a r a t i o n  l ine , At  ti c-c- same t i a t i n g  - - ci . ( 22a ) and  -111
tin-: , the numerical accuracy of t h i n :  r o o t -  into eq. I i:), Ti:: r-c:ult Is
hod remains of second order.

In most cases , calculations were
inItiated at the c l - n  i .-:ar I plane , With
the f o r m u l a t i o n  given in e q .  (h I ~~, a +OCA ~~)
linear stability cmncmly:cis sb- -is that the Here ~~ t-~r-~~~ 1 , h o n - - n b - :  d n--I’ 0
P,’C scheme is unconditionally :tabl : f:r first ord’ r- n--’:Ir .t b- ,r: , ~~‘
c-n > C , w i t h a CFL c o n d i t i o n  i n  t i - :  cross
flo-~ velocity w required if n-c< 0.

Ay; Ze~
J + 2 f~~) +J Ci~~.’/ 

(n - _-
B o o- au - r u of the - a r h o u s  length coal-o s “

appear ing  in tb-c  t u rbu l en t  f low (e .g tic’: ~~
‘ — A~~2)- : b a m h n~ r sublayer , wall and wake r-:ghcr.), d i

it is usually n- :oe:rsary to impose a rio-
or d In at e  t r a n s f c . r n r c a t m o n  or to a d o p t  a - ( p r ~n-, ) r ’- - ,hts Ic: n- s~ c n i  -sni-:r
r a r l e bl e  gr I d  o y . :t - c r c . A s imple  mapping a c c ur at e  n - - c r - c  - n - t b ’ : a for  . - 11
of the follo’.-ning form will serve this tb-- r- ::ults or:. ::c :t: -j her- an’~ 

- - ct b r--
purpose: 1t~. t I .  t’cr- . of forrncui: tlcn .

.Y~J ~17 or Y— -
~(~

1
~ 

, fl7~~n 2 Pnc : :i t -  c-o h m - c ilr eot lcn lccnilolt
m etn c c, d - • - 1  :- .t. I u h  I u n c c n c t ’ - n - l l y  .s t o —

When a variable n - cl : sy ot e m  I:: cc. c ’:- i , t c  h le  fc. r I In- :ar .c - t- a. n - c s  a I : c e.::-c’c i rc c.i .
con v on t io n~~l t h r e e — p o i n t  f i n i t e  J h f f - : r -  1-l o ’.-c - : - v : - r , : it i s f - c c t  nmr n-- - colts :-:-:-rc- n -- b-
ence quo t i en t  can be w r i t t - : n  as:  to  ri: - 1 cr 1’,- f o r  l o c : i c n o r  fb i - - n c .

I M 3 1 j j I ,~1 - f -  a l to  l c T P : r - - c - 1 - I : c  a nd
x Pb  .: : - on . - P1 - - , - I - - - 

- - ‘0 or . - .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t r on ~~~-
’
i~~~~~~ - 

~~~~~~~~ ~~~~~~~~~~ 
~~~~~~

‘‘

b lun t  : : n - : - . ° L c.Inar an-i tc:c-: . c - I- n.h
2 flc :~-n s h a . e  be-rn n - c t~~ i b -  S -n d  - c oro n c or l

÷2 (,J-)LL #1 ~~a +— ~~ ~~~~~~~~~ w i t i - . exper bn- :- ct - .l - : In t - , a r - - ’:n: c u r a r u l n i- .
M 8 The fin-c -:  p r o p n - r t l - c , c  c i t  t : - c 1 :i’d 1- n-:

where (A ~~‘ — A ~~&~+ O(A~~) c f  shc’ r !: c,: c: at lar g e  c :nr le  if o tt- n-k
0 ar- al:c p r - : d b : t - :  I r-ca:cnohlc- c-nell( n e  (.)

~~& cJ) A~~I/1A~~z(A~~~+a~~ ) I 
-

Tic- lhm.:oelt n:.cnb- r i I c t n -  ‘c- .t~~,p c’c- a
P ~~ (J (A~ A~ i)/Aqu A cc.ne-cyl l nd-rr-flcir- :onc f ’ I c c c c r a t b : n  ~~~ I s

shown -c FI~ ( 8 ) .  S I c n ’fIo - -rtlc r , th-
z~ £J i=_ A~~& / I A~~i(A , +A q~ ) 

c a l c u l - t b c n c  i~ n - n - - d i r t  t i n e i o n i c : - r - -

• ° i u a ng o’er:hoot In a c-- c- r n  c -r h - n c- a On -
,~~~~ ~~= 

~~~~~~ 
+- A ~~~~ 

~~ 
~~~~~~~~~~~~~~~~~ 

rr - ~ 

r-c
a r a n - I c  e :-: rr - , r . , I c -n  ( e . g .  at t ‘ c r- , - t I n(~~~~~ 2/A~ • A~~L i f  co-ne  a.. i cy U n - : i -  d l , h i . - s o I - : t i c n  I s

- v-:r’c :cn.c itt-ce t t i -  - :t ::rnc : :n .i-.ry c-r u —
F ~~ ~T) 2/~A l~l (Aqi 4-A qf , ) i l t I  — r,.c , T2:- br -a rc-I c-: laycr t P .bo-: n- cc

~ c hai r ‘ I . i y  - n i  It 1 3  r,c 1 - - - a d —
- - q -c ’m t t bar : n - c - tIc -,nn.ibt’ - cc

The truncation error for U icc as —,.~~~. An alt :-rrc - -t-- r n -- - - : 1c - \5J~~
0( A y~~) 

when uniform gr id  is YY g e t  n - - c . A c k € rb- - -r m n - and Pr I l i :  - 1 pro-cern -
sp-:cified , but degenerates to t: hi:: - otl :- fa.ot cc:. Th’ :. - f - c t
c~

( A y — A y ) with a variable mesh. t}:cm t hi . - - volocit :: p rc fI l -:s ‘c ‘b It .
It  ohocid be notes tha t  U, is always ti c- f’ I l c i - n i n c -  . : : r ’c t ’ c n*
.reco-n-1 rder even f o r  nen~~:c n h f o rn gr I  ri: • a /

LI=ae +
~i”~~ 

exPI_ (’
~—b)/

A
In order to reduce the tr cn -at bo n

error, one can evalu,:m t -  U from t b -  A
governing equations and yyy ccubs ti tut -- fl~ = ‘~ / /1-~~d/the r-:r ruitl ng expression into the 111- a
ference qo ti-- n t , eq .  ( 2 2 ) .  In do ing  so ,
a second order ac- -u rn - i t - - system 1,: bt rmln -
ed for 72.,,. To llu :rtrate thIs point ,
cons I 1: r 1’th simplified X — momontum
equation near the wall. ,

(22a )

~~~~~~~~~~~~~~~~~~~~~~~~~~~ be wr Itten fir the b - -np- n ’ ::t :m r- - .

8

~ 
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c-n ic er :-  a , b and k are con ::ctont at f1xed~ - have pointed out thot t i - i- rui : - : i r:~
- i n - b : .

These values are -i ct e rmined  by f i t t i n g  theory may b c - n - e m : ln n ri - c-qu - .te tc ore-i l a
eq, (24) to tb-s v e l o c i t y  p ro f i l e  at the the  flows  in .- : h i c h  t ic : b o u n : i ar y  l i -p - - n--
outer  edge of the boundary layer . TI-i i~ th ickness  grows rap id ly  ( o u c h  an - :  b l oc .
procedure I: incorpora ted  into the in- under a d v er s e  p r :o : -u r ~ c’ r , i i ’ - n t  - ) .  hr.
plh-oit algorithm described pr -viously. this case , b c o a u : -~: of hP. - .:cc eut i~:et r ansp ort  of t c n r ou l - : -n c e , the  rnrc c - n l t r - i -  n- _ f

The numerical results for the vel— the min cing 1±-nc-tn in tire out-n - c part of
u c i t y  and t empera ture  p rof i les  on a sharp the  bc - o n : In - ir- :r lay- :- r dc-c s n o t  Ir. —n r - sa :r -a an -n
cone are  given on Fig.  ( 9 ) .  The body f a s t  as ti-c - beunciarl,’ laycr t h l o l - r, -: ~~~. 

-
~~ .

‘ geometry and free stream values cor- other words , tho - onidies c-u clc }c mc :,. - ha ve
respcn~ ~~ R a i n bir d  a expe r imen ta l  con di-  o r i g i n a t e d  near  ti i- c-nin-dc-c cn rri n -j ar. - , c ar r :
t l c n o .~~4 °)  When the edd y vi :c o sh ty  is some of t h e  cbc r a o tu r  n - n b  tic- - b: cnrd-ry
treated as an invariant scalar (i. e eq. layer at an earlier stagc of ito d o - u 1cr,-
(17)), agreement between the numerical ment . I fear  the  luep lane  a r ’- r l - I  t c ’i - i -n -c.-
p r e d i c t i o n  and Ra i n b i r d ’ s data is good ing of the  bounda ry  layer  occurs . Tb -
for ~~~~~l35° ( F ig .  9). But the corn- m i x i n g  l eng th  in : in f a c t  i n d ic :t i - o e -  of
par ir on  d e t e r i o r a t e s  somewha t as the lee- t i c - -  f l ow  come ii c h o r e up st r e am , wh o r e  ~ward  p lane  is approached . S imi la r  ob-  i-c ar . a p p r e c i ab ly  t h in n e r .  I on :r e q u e nt l ~.c ,
servations apply for the l i -c i t i n g  s t ream-  tic : appa r - c ru t  va lue  of ~ I - n eq s . bc’ ’
line inclination ( F i g ,  10). It is s ign i-  c-r (18) falls . Here an c:~~~u - t~~. nt f r
ficant that the Prandtl mixing length this effect I,: made by a- duo nc- hI .- c o n -
t h e o r y ,  w i t h  a sca lar  edd y v i s c o s i t y  in- s t a n t  A 1 from 0 .09 tc 0. 11 - f c r  h r 

-plies an attached boundary layer; the flow near ti. - le-c- n-iard tin- ,:.- - ~~~~ 1.i-~ I .
e x p e r i m e n t a l  measurements  i nd ica t e  tha t  R e s u l t s  are oni’,erc on F l . .  -II ’ and  ( 1 1) .
cross flow _ separation occurs for 4 > >  1600 , C r o so f lo w  r: . : :p c ir at ion is n cn -- -~d1±t - - - -

To the authors ’ knowledge , this is the what more a c c er a t n - : l y  w i t h  t h i s  c o i l  fI n - c -
f i r s t  t ime-  that theoretical results have tion , althc-ugl c the  h m p r i v em e n t  I:: i n - b y
been reported for the turbulent flow near marginal .
the leeward plane where  secondary  f low

• reversal has occurred .
IV . The Coupled Viscous and In-d c-n i I

The c a l c u l a t e d  w i n d w a r d  plane r e su l t s  Flow C o m p u t a t i o n s
us ing the t w o - e q u a t i o n  model for. Reynolds
st ress  closure are also shown on Fig, 9a,  . T h lu t i on c :  for  t ic - - inncr -n~n i  c-u t ’ r
The agreement w i t h  the data inc good,  layers  are now oo upl - : : d  I c ord ::~r to- t alc- s
There is no apparent advantage in using Into account the n - i o n - c  ‘ - inc I. n - n - l i  I nt er -
this higher order theory, since the s in -  a c t i o n . For the  in- . i s - c h d  ( n- -, c t - - n ’~ II c~. - -

ple modified mixing length model leads computations , the vic r- c--u: diocl’ ~c- r- . n h -
to  an equally accurate prediction at the is included by consi-d -rln:- tic- ef~ - t I e
windward plane . At the present time nun- body shape as mod ified by
erioal computations using the tc-cc--cqication
model have been made only at the syrn- r (z ,4~) =c( .? 4~~-A  cos & I
metry plane , I

In order to improve the comparison ~~ ic the t icr :-o cl i m e- nc icr , :: i i’l c’pl~ :- e-
between the numerical results and the ment ti :icn k fl ’ c s . which nur cct be -i:tc in ’- I
experimental data near the leeplane , from tb- partial cl if f- c- nct ba l eu-a t I n - n:
come modifications of the eddy viscosity
fo rnu lnot i cu n c i  are required. As discussed ~~~~~~~~~~~~~~~~~~~~~~~~~ We (A_ 6

~ ) I n 0 ,n-prevtçi~,c1y,~~experimental measure- 
(~ 6

mentcc ( : .i:f ) suggest that  the edd y v i a -  1.6
cosity is not an isotropic scalar quant- where 

~~~~ 
( t—f~v/~~ w~,) d ~’

ity in the outer wake region . Although Jo
the distribution ofA and ,~1-4’

• 
t1 t2 S * .,j ~~~~~~~~~~~~~~~~~

across the boundary layer cannot be meas-
ured accura te ly  at the present t ime , the
mean value o f toe r a t io d-, =~A’ t2~,’~tl
has been found to be as large as 0.7 The body entn -c’ py vain- -- , , , I - : ) .  I s
(Ref. 33) and as low as 0.4 (Ref. 3)4, 36 , estimated by ti c- ’ c t - ’-r : n - n t - c b e  rep~ ’ n - en: n-it at
37 ) .  Fig. (10) shows the numerical re- the windward pl an-- , I - -

sults for the surface limiting stream- ~,,z ,,, ,j~4’e A ~ —
line inclination for nonisotropic eddy — 

~~~~~~~~~~~~~~ 
‘ ‘V  —‘W ~~ 3 0

viscosity distributions as given in eq.
( 18) .  For thinc calculation A = o ,o~ , The procedure for - -v alu at i o n ’ . ° . is i- -n -

A = 0,064 and ~~ = 0,5 are assumed . enstrot- -cI in P l ri . 1. Cu r cc n ’ : - i -  tIc-n by-
For2,~> 1600 , not appear to pni r’ ses the thin ntr . py n - r ‘ n - n - - t i c - n -i 1: -- -
be any significant improvement over the er ’ effect which - rn lead tr 1-0cc- r ic - - r i
isotropic model, instability when il /B!, >~ 1.

Bradshaw ,~~~~~ Baker and ~~~~~~~~~~~~~~~~~~~~~~ For the inner  l ay  ea rn ’ c t - : t l u n c ,

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —:--- - -~~~- -- -- 
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the boundary layer edge properties are certahn f ’ lc r -c  condit1±ns r~r - o , t h - r- - - fc r - c ,
obtain- -d by interpolating the inviscid becomes imprac ti-cnal , Howo-v-.c- , - , I I -  n - : t - . nc-
properties at r r + dcos Q . Here d Raphson procedure (i.e . eq. ~i -

~~) - - n - r io
is found from(4~~) 

w .r-atisfactorily in all cnasoS h’ t- n So
far . U s u a l ly  3 i t n - - O ’ :t i O ’ f l Z  -cc--  n -  r - ‘carp .

d=~~~— A  (27)
The n :r~r : - - c ’ h c i ’- l  p r o c e - i ur ’:s of c u p l l n o

When the  external inviscid flow is highly the inner  nn-:1 out ~-r  f low b a ’ - : t -  c.
rot~~~ional~ then the fol lowing c r i t e r -  plied to a nurnc tc -:-r if t or t cac - s ;  bc . n-c- c
icni 9a , Si )  is used to def ine  the local for the pre - - n t  p a r - c r onl y ‘n o  - c n n - c -  - - .11 1

- .  value of ~ , be presented . P ampl e r- : r i l t n n -  c - c .  1 ‘ leO- . l
i rene ar -cr for  th i -  r n - c r - - r n  r i - -  (‘i c- cr over  a

(h #~~~
_ h w)/(Ho _A

~)_ (28) sp~ erP-con 
-~~ r~ 

9
°

~~~~~d t  

~r c  ~~~

bas eu on ~-J i d i -, c n c f ’ .: “P- )  cxc: n- . - n t a l  c o n —
This cond i t ion  rep laces  the conven-  d i tl o n s . Tin- : in v h :n c h r i  bloc.t ic- - c Pc ’ r-c cu l t n

t iona l procedure of s e t t i n g  U = T = 0 a re  n- i -n -ta ic ,- :d by t I c-- t i - nc: t - -’ n h c t  y:, - t b c i
as y — ~~~~ . However , for  ad ia~ a tic~ via ll s  w i t h e : ct  hi - , ’: -;i scous d i sp lac -  r, not n -cr-
it h ::r necessary  to revert to t he conven-  ru c t ion , sI n c e  t i - I : ,  ‘ ff ’- n -t  ic “ un - - a l l  b r
tional U = 0 condi t ion  to locate  the the blunt  noso -  re c ;hon fo r  ti-c -: h i g h
boundary~ layer  edge , This implies t ha t  nolds  number  f i n - : - . ( B’: . = 1. x l - - ‘ft.,
the inner flow calculat ion contains part Mm = 5) :tu-iiei 1:c- c’ - .‘ Tb -c Bl ttr: r an -b
of the inviscid vortical layer . El l is  f o r m u lat .I n  is -as-rd f c r  ti , - I n - r n -- r

bounda ry  151,’- c- -n -a lcu ln - - t ic-r n - r : i c b  ~h
The procedure for the numerical initiate-rI a t  t I -c s t c g n ’ t i c n  p o I n t .

computation,, starts with the calculation
of the outer flow , The inviscid inform- In tb : sucn---r.: o c:t: conical se- -’tboc,
ation is input into the inner layer cal- the inner and (, -~t -c ficcc -n- cr- : I- t’ r-nn - nbn- ci
culations , However, when the Euler equa- by a mo rci,lnr prc.c-c- Jun-i: . P1 ecu il - -

tions are integrated at2~.Z, , the placement an-i entrc :py :cwallc’n: : nc- arc Ii-.-
• local value of A is still unknown as oluded in thu i t -  r -ot ive  mat  cbic ,r n--f t- . --

the boundary layer calculations have not two regions . A t h ree -r o b in -h L c g r n -~nc-
reached 7 1 Herein , a “cyclic itera — formula in-- used tn - lnct- :on± In-ci te tb-c hc ’:cmr P-
tion ” procedure is employed . We . initi- ary layer edge cond ltbn -nc f’rcn n-, tie I n .-
ate the calculations of the outer layer viscid 11cr-n prcin-ert l-
by estimating two sets of values~~A /o x,
These are obtained from Taylor series The surf n- ::c-c n - c c cn-iInr:h- ,: for ti .
extrapolations: blunt bc- d 1- boundary laye r c c i  -ui - ct b o r n - c

are i l l u s t rat ed  In Fig . (11’ . Ti. - h e a t
J, (O _ ~~~~~~~~ — / ~~~~~~~~~ transfer distribut in - n  on tb-c b ’ I- ,- I s IC: -

— ~~X 4-~ ~ XJ M— J picted in Fig . (l2~~. I-i-n- n hi’- tr nnnc - I t i - :
poi nts  ar e  s p e c I f I c  :1 f rom th- - ‘~ r -n~ - 

- : I c c - n . h  -

~~~~ ~~ o ,,
~,O al measur,.m~-ntc , It is ohc c-c r In FPcc . 11

= 9’Q ‘V t hat the  b - - c h i r p -  ( I c r ~ ~~~~~~~ °)  c-- I l l  t- - .-
underpredic te- ri ic- v at m u s h  -

, - c i, - r, n-
• and A M # I  = A M 4 I  A A tropy lay —n -- .c w nci l cc -n l nc- -- ff- : t c  - re nc : t

I X / i n c l u d e d ,  T b - - c -  e f f e c t .  cr111 i-n -- c r - ,-
more impor tan t  .- :t h ighe r  I-loch n c r  rc
and lower iR- - ’ ,mrj , .i .: number . It I.: a l n c
found that t i c - -  1: -n - c u r 51. 1 - ,-n - -: rn oc ,t -

After completing the invlscid flow fectc have a cnn- all inf luenn -e n - n hr
computations , this information is input v i -os id  p r e ssu re  d i c t n i n : c t i - n  f o r  t i E:
to the three dimensional boundary layer flow conditions under in . - - ’ r t l g a t l c - n c
computations from which corrected values (Fig. 13). Fi:rhapc tic ic is - : n-n r- -t
of = ( 

~
A/

~~
x)M + ~ 

are obtained, since A/r is airo ccyc i o n s  h i  - c’ , 0.1 .
for~~~ /~ x Is Co~~ :ris~ ns i t w r t ~ 

(ho t tran-~~~r
and surface pressure ) I ,: c-c-c 1 .

g) (a) (I) (2)
~~~~~~~ lgL Vc — •‘

Lf~ 4’~2. I V. . umrn’ rv
è X J2) ~l) (a) ~ ) — -

+ “4f ~~~141~ A me tb n - - c i  has h n -i- v- I ,  I f i r
t n - - c i t i n g  t i n -  ,-r cous f low ov- ’r a i. T - ,n c t
or sharp body - n -h r in g l - - of t t ck .  I-l - - r -  -

The iteration proc edure ~~ntLnur- ’ until 1) a 
~
w
~~c~~~

Y
~~ n

Tn1yt b 
of tin - t n  e d 

T~
convergence is achieved . During the - n: i-cnn ~. in-c unsc ir 1~r lay - - r ’  n - i i - c  ur iS- rvdevelopment of th-° numerical program It r -r’ Ion-n . Laminar -n- in- I tn - rbulont fleci rn ar.-was found that a fixed-point iteration con-iderorl Th-- ~ rn ’ nn-- c-v: -t ’ r- —ur n
(i e using the most recently calculated handle problem c t i  r c ~~s flow r - r -x for the next cycle of cal-
culation) convcr g ’- s  quite slowly for al ‘ nc! in : lo t- - c - u- - b- - I by rr- ci t n - c- -

10
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H

corrector or alternating direction im- 4. Moretti , G. and Bleich , 0., ‘ Ticr
plicit method . The outer inviscid flow Dimensional Fl c— , ar - - cn - . r Blunt ~‘n - d -
is computed w it h  M acCormack ’ s two level lea , ” A I r ,: , J . ,  Vo l .  5, or. 1557-
finite difference scheme , with the bow 1562, l n --6 n - .
shocks treated as disoontinuities . The
salient features for matching these two 4a. Moretti , G ., Gro—r :m’.n,B. n - n i vo- r--~-r . t ,regions include the e f f e c t s  of the three F . ,  “ A Cc.rnr nc l to Nun-c’ c-in - al T- -n - r.l-cin -n~dimensional viscous displacement and for bin- - , falcul n - j t l cn of Ti- n- - - Di n - - on-
entropy layer swallowing . It is only sional In -;i s  n - I d  Bup ’  c - c o n I c -  71- s , ’
necessary to input the body geometr;,- , A I A A  pa per 72-192 , 112 .
free-stream flow properties and the sur-
face conditions . The numerical results 5. Boger , R.C., “Three Dinnnenc l n - cl In-
include the aerodynami c co e f fi ’ r i e n ts , v i sc id  Flc’- - ’ F l - b - i  A n a ly s i s n - f A’:r’-
heat  t r a n s f e r  and the de t a i l ed  f low pro- dynamic Trim , ” f.VT D- ’Il~ ’2-~~~- P2 .
files . Aug . L-7-

The general treatment of the prob- 6 . Kutler , P . ,  R eln h a n - ’ it , i,l .A .  -

len and the method oc solution are ver— Wn -~rminp , R.F., “Nurc-,:cI,n -al rn-c ot t l c r
ified by the good agreement obtain ’-d be- of Multisho~r

’- ” - : I , T i - cc- c IlinonsI- n - c l
tween results from the present f o r m u la -  Su p e r s o n Ic  Flc- ’,’ F i e lds  w i t h  F ’c-aI -Ba:
tion and the experimental data. It is Effects ,” 11:-A naper 72-7C-2 , 1 -~~~observed in our preliminary results

- - that: (i) the simple scalar mixing len- 7. Inouye , H., R’:Ais ° J.V ., n i Lo u-c x ,
gth theory for the Reynolds stress ex- H., “A Descript ’In - n of I -o nuc - - r In - -- l ‘tot-
hibits minor defects in regions with hods n-n-n- cl Coin-cnn--st-cr Prc :’r’cncc,c f-c T- -

cross flow -separation . Some adjust- Dimens ionnn- l un - ni Al l , - .r, - - t n - I -

- , ments are necessary in order to obtain sonic Fico : over Blunt I-I - c- n - n i
a better comparison with experimental Flare Bo.ileo-,” i-tn-- P A  TIID- ’ - - 

-

data; (2) for numerical results not 1965.
- 

- shown here, the viscous displacement
effects may become more pronounced in 8. Cheng, ~ .I., “Panic - r i can - b Tnt ‘- -n’ t lcn
laminar than turbulent flow and (3 )  the of N a v i e r- .7t o in . r r  Bqcc : n - t i c n , ” :1,:- ’ ,T ,,

- S entropy-layer swallowing is of only m m -  8 , 12 , pp . 211 -1122 . 2 - c .  l n --~~b .
or importance for the examples consIder-
ed here; never theless, it is expected 9. Baldwin , B.. an-I lI n- ,crc rn-n--- - - - ‘ , B . .,
that this phenomena can become dominant “Numerical Toi -,ction of hi Tnt- -r-
at hypersonic speeds and for low Reynolds action of a Stronr n-ho -k Wave w it l
numbers . Hypersonic Turh n - c l- m t  Hcun-’h r~,- Bc - - c - , --

1111 n-n- son I~l n -~ . ‘i’t — - n- 5 , -T o ic- 1 -
Work in progress includes the fol-

lowing i nves t iga t ions: ( I )  supersonic 10 . Lu band , P , c’~ an-cl H- ,-i1i : ’n - ~~ 
n - ’~-

f low over cones at large angles of a t -  “ C a l c u l a t i n -- - n  of h I . - Y b ’ :: n a “- :n- - t
tack ( d~./e ,~~~ 

1.5; attention will focus High I-n c-i--- ( f /-, t t u , ~~l-: , ” ~~~ 1., V o l .
on the existence of inviscid solutions), 12, pp. ~- n - : n- n- ’~~ n- , -Tall,- 1 c ’ ,
(ii) optimization of the numerical pro-
cedures for coupling the inner and outer 11. Dr-yin , R.T., “Nurn n - -- n -l c r - l Tolut in- :n of
flow and for the interpolation of the } T ’ r p - - r s n - n - n i  n - -  Viscous In- icc k- L -a’c --n -n i-l q n-c ’ -

boundary layer edge properties , and t i c - rn - ’ , ” I - T i l T ., V- 1. ° . ~~~ 
52: -:°

(iii) the application of improved Rey- May l’.17. .
folds stress modelling for the three-
dimensional boundary layer. 12, Rubin , S. C ., L’crr , T . f ., Pie r’. c -:cl , ln- ,~~

and Rodman , P., “H-,rner onb c Intn-r-
ac t ion  ibon g a R- -c tanuicba r Cirn,:n , --
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